Abstract. This article addresses transitions in the topological structure of a family of divergencefree vector fields u(·, t) with Dirichlet boundary conditions. We show that structural bifurcation-i.e., change in topological-equivalence class-occurs at t 0 if u(·, t 0 ) has an isolated degenerate ∂-singular pointx ∈ ∂M such that ∂ 2 u(x, t 0 )/∂n∂t = 0. The main results are proved by classifying orbit structures of u near such a pointx ∈ ∂M of u(·, t 0 ). The condition ofx being a ∂-singular point is equivalent to the one originally postulated by Prandtl for boundary-layer separation. Our analysis and classification do contribute, in fact, to a rigorous characterization of boundary-layer separation in 2-D incompressible fluid flows.
Introduction.
This article is part of a research program on the use of topological ideas to study the spatio-temporal structure of 2-D incompressible fluid flows in physical space, along with its stability and bifurcations. This program consists of research in two areas: (a) the study of the topological structure of divergence-free vector fields, and its evolution in time or with respect to an arbitrary parameter; and (b) the study of the structure and evolution of velocity fields for 2-D incompressible fluid flows governed by a class of equations that comprises the Navier-Stokes equations, the Euler equations, and the quasi-geostrophic equations of rotating flows.
Mathematically speaking, there are two general methods for describing a fluid flow: the Euler representation and the Lagrange representation; see [1, 2, 3, 6, 9, 13, 17] . In the Euler representation, the motion of a fluid is described by a set of partial differential equations (PDEs)-such as the Euler equations or the Navier-Stokes equations, supplemented with proper boundary conditions-that govern the velocity field at every point in the (2-D or 3-D) flow domain. The Lagrange representation of a fluid flow, on the other hand, amounts to studying the trajectories of fluid particles as a function of initial position in the flow domain, subject to the ordinary differential equations (ODEs) that govern the change in position given the velocity. Of course the velocities of the particles satisfy the PDEs we just mentioned.
Our approach is to classify the topological structure of the instantaneous velocity field, treating the time variable as a parameter, and the changes in this structure with respect to time. The aforementioned two areas of our program draw inspiration from and are relevant to both the Eulerian and the Lagrangian approaches to fluid flows.
The study in area (a) is kinematic in nature, and the results and methods developed can naturally be applied to other problems of mathematical physics that involve divergence-free vector fields. These include, for instance, problems in electromagnetism in which the magnetic field is necessarily divergence-free. The main topics in this area include structural classification, structural stability, and structural bifurcation, as well as their applications to fluid dynamics in general and to geophysical fluid dynamics in particular. The study in area (b) involves specific connections between the solutions of the evolution equations-whether Navier-Stokes, Euler, or quasi-geostrophic-and flow structure in the physical space.
The main objective of this paper is to contribute to a rigorous characterization of boundary-layer separation in 2-D incompressible fluid flows. This is a long-standing problem in fluid mechanics that goes back to the pioneering work of Prandtl [15] in 1904. Classical boundary-layer theory is presented in [2, 9, 16] . The Prandtl equation represents an approximation of the Navier-Stokes equations inside the boundary layer in the absence of separation; this equation is rigorously analyzed in a recent textbook [14] and several articles [4, 5, 18] .
Basically, the boundary layer is a narrow region of sharp velocity gradients between a no-slip wall, where the velocity has to vanish, and the interior of the fluid. This layer of high shear can detach from the boundary, generating vortices and leading to more complicated turbulent behavior near the wall as well as in the interior of flow domain [9] . It is important, therefore, to characterize, if at all possible, the conditions for separation. Experimentally one observes that the normal derivative of the velocity field vanishes at or near separation points. Chorin and Marsden [2] note that there is no known theorem that can be applied to determine the separation reliably. This article, along with [8, 10] , is an attempt to derive a rigorous characterization of streamline detachment from the boundary for 2-D divergence-free vector fields. These results are applied in the companion papers [7, 12] to the actual problem of boundary-layer separation in solutions of the 2-D incompressible Navier-Stokes equations.
In the present article, we address structural transitions for a family of divergencefree vector fields u(·, t) with Dirichlet boundary conditions. We show that structural bifurcation-i.e., change in their topological-equivalence class-occurs at t 0 if u(·, t 0 ) has an isolated degenerate ∂-singular pointx ∈ ∂M , such that ∂ 2 u(x, t 0 )/∂n∂t = 0. The condition thatx ∈ ∂M is a ∂-singular point is related, as we shall see in section 3, to the Prandtl condition [15] for boundary-layer separation.
Our main results are based on a complete classification of orbit structures near an isolated degenerate ∂-singular point. These results extend over several papers and rely on a delicate analysis of the flow structure near the boundary for both free-slip and Dirichlet boundary conditions. The first step was to classify the flow structure and its transitions near the boundary for flows subject only to boundary conditions of zero normal flow, often called free-slip conditions in fluid dynamics [8] . Second, Ma and Wang [10] analyzed the case of Dirichlet boundary conditions for a 2-D divergence-free vector field; in fluid mechanics the Dirichlet condition on the velocity is often called the no-slip condition.
Technically speaking, homogeneous Dirichlet boundary conditions for u(·, t 0 ) imply that all points on ∂M are singular points in the usual sense. Hence, to analyze and to classify the structure of u near the boundary, including the separation point, we need to use the concept of a ∂-singular point, introduced in [10] , which corresponds to singular points of the normal derivative of u in the usual sense. Finally, in the present paper we make the connection between the structure of the original velocity fields and the structure of the normal derivative of the velocity field.
The paper is organized as follows. In section 2, we summarize our previous results, including a structural stability theorem, necessary conditions on structural bifurcation, and a singularity classification theory for 2-D divergence-free vector fields. Section 3 states the structural-bifurcation theorems near a flat boundary for such fields, which are proved in section 4. Section 5 addresses structural bifurcations near a curved boundary, and section 6 applies the theory to streamline detachment from the boundary. It is the results of section 6 that are applied in the companion papers [7, 12] to boundary-layer separation in the 2-D Navier-Stokes equations for incompressible flows. 
Preliminaries. Let
Here u n = u · n and u τ = u · τ , while n and τ are the unit normal and tangent vector on ∂M , respectively. It is easy to see that
We start with some basic concepts. showing that flow structure changes in some local area U ⊂ M , but not on the whole manifold M ; see, for instance, the flow transitions shown in Figure 2 By definition, in the case where homogeneous Dirichlet boundary conditions are satisfied, all points on the boundary are singular points. In order to classify the structure of the divergence-free vector fields near the boundary in this case, and infer the possible bifurcations in this structure, we need to distinguish between different types of singular points on the boundary. The concepts of ∂-regular and ∂-singular points introduced in [10] are crucial in order to study the topological structure of divergence-free vector fields with homogeneous Dirichlet boundary conditions. Let p ∈ ∂M , and let U be a neighborhood of p. Then on ∂M ∩ U there exist unit tangent and normal vector fields τ and n. For U sufficiently small, we can extend these two vector fields to U so that the orbits of n in U are tangent to λn with n restricted to ∂M ∩ U ; here 0 ≤ λ ≤ 1. Note that when U is sufficiently small, for any two points x, y ∈ ∂M ∩ U , λn x and λn y do not intersect within U . The extension of τ in U is taken to be orthogonal to n. M is called self-connected if p is connected only to itself, i.e., p occurs in a graph whose topological form is that of the number 8.
The following structural stability theorem in the presence of homogeneous Dirichlet boundary conditions was proved in [10] .
Theorem 2.7 (Ma and Wang [10] ). 
(T M).
Based on Theorem 2.7, the following theorem gives some necessary conditions for structural bifurcation.
Theorem 2.8. Let p ∈ ∂M be an isolated singular point of v, and let M ⊂ R 2 be an extension of M , i.e., M ⊂ M such that p ∈ M is an interior point of M . In a neighborhood of p in M , v can be extended by reflection toṽ such that p is an interior singular point ofṽ, thanks to the no normal flow condition, i.e., v · n| ∂M = 0. Then we define the index of v at p ∈ ∂M by
If u(x, t) has a bifurcation in its local structure in an arbitrarily small neigh-
borhood U ⊂ M of x 0 at t 0 (0 < t 0 < T), then x 0 ∈ • M (respectively, x 0 ∈ ∂M ) must be a degenerate singular point (respectively, degenerate ∂- singular point) of u(x, t) at t 0 .
If u(x, t) has a bifurcation in its global
. An orbit γ of v is said to be a stable orbit (respectively, an unstable orbit) connected to p if the limit set
We now introduce a singularity classification theorem for incompressible vector fields, which will be useful in our discussion of structural bifurcation.
Theorem 2.9 (Ghil, Ma, and Wang [8] 
2. when p ∈ ∂M , p has n + 2 (n ≥ 2) orbits, two of which are on the boundary ∂M , and the index of p is
No confusion should arise between the integer n, used for counting orbits, and the notation n for the normal direction to the boundary ∂M .
Structural bifurcations near a flat boundary.
In this section, we assume that the boundary ∂M contains a flat part Γ ⊂ ∂M , and consider structural bifurcation near a ∂-singular pointx ∈ Γ. For simplicity, we take a coordinate system (x 1 , x 2 ) withx at the origin and with Γ given by
for some δ > 0. Obviously, the tangent and normal vectors on Γ are the unit vectors in the x 1 -and x 2 -directions, respectively.
Let
be a one-parameter family of divergence-free vector fields subject to homogeneous Dirichlet boundary conditions. In a neighbor-
It is easy to see that u and v have topologically equivalent streamlines in an interior neighborhood of x = 0. To proceed, we consider the Taylor expansions of both u(x, t) and v(x, t) at t 0 (0 < t 0 < T ):
We start with the following conditions for structural bifurcation.
Assumption (H). Letx = 0 ∈ Γ be an isolated degenerate ∂-singular point of
Some remarks are now in order. Remark 3.1. Condition (3.4) says thatx = 0 ∈ Γ is a ∂-singular point of u 0 (x). In a 2-D incompressible flow, governed by either the Euler or the NavierStokes equations, this condition is equivalent to the leading-order vorticity vanishing atx. The latter is the so-called Prandtl condition, which Prandtl suggested might identify boundary-layer separation points in incompressible flows [15] .
Remark 3.2. Condition (3.5) amounts to saying that there exists a number n = 1 of interior orbits of v 0 connected tox ∈ Γ. Since u 0 = x 2 v 0 , the number of interior orbits of u 0 connected tox ∈ Γ is exactly n = 1 as well. This shows thatx ∈ Γ is a degenerate ∂-singular point of u 0 (x), which is necessary for structural bifurcation, according to our structural stability and bifurcation theorems; see Theorems 2.7 and 2.8 here or [8, 10] .
Remark 3.3. Condition (3.6) states that the first-order term u 1 of the Taylor expansion for the normal derivative of u is different from zero. This is just the simplest necessary condition of such a type; if it does not hold, we need to work on a higher-order Taylor expansion, and the corresponding results proved in this article will be true as well. In fluid-mechanics applications, condition (3.6) is equivalent to the vorticity associated with u 1 not vanishing at the boundary. In addition, it is easy to see that (3.6) is equivalent to
which shows that the acceleration of the fluid in the tangential direction nearx is nonzero. Remark 3.4. Condition (3.7) is a technical condition and amounts to saying that the tangential component u 0 1 of the leading-order term has a nontrivial Taylor expansion. Furthermore, let k be the smallest integer satisfying condition (3.7). It is easy to show that k ≥ 2. In fact, u 0 (x) has the Taylor expansion at x = 0,
The structural bifurcation of u(x, t) near a degenerate ∂-singular point on a flat boundary segment is described by the following theorems.
Then there exist a neighborhood
is an integer, then one of u(x, t 0 ± ε) has exactly two ∂-singular points on Γ 0 , and the other has no ∂-singular points on Γ 0 ; and Proof. Let x * ∈ Γ, x * = (x * 1 ), and 0 < |x * 1 | ≤ δ 0 with 0 < δ 0 sufficiently small, to be chosen later. Then
By the Taylor expansion (3.2) and condition (3.6) it suffices to consider only the first-order approximation of (3.2). Hence,
We need to show that
Thanks to the fact that u is divergence-free, we have
To verify (4.3), it suffices to prove that
since the sum of the diagonal terms in (4.3) is zero thanks to the fact that ∂u/∂x 2 is divergence-free. From conditions (3.7) and (3.6) we get
Therefore it follows from (4.2) that
Thus from (4.4) and (4.5) we obtain that
which is different from zero for 0 < |x * 1 | ≤ δ 0 , provided that δ 0 is sufficiently small. Hence (4.3) follows, and the proof of the proposition is complete. Proof. From (3.1) it is easy to see that the zero points of v(x, t) on Γ are equivalent to the ∂-singular points of u(x, t). Hence we only have to prove the assertion for the vector field v(x, t 0 ± ε).
According to (3.8) we have, for the component v 2 that is normal to Γ,
By (3.6) and (3.7) we infer from (3.1) that
On the other hand, if ind(v 0 , 0) is an integer, then by Remark 3.2 the number n of interior orbits of v 0 connected tox = 0 is even. Hence, one of the two boundary orbits of v 0 connected tox = 0 is stable, and the other one is unstable. It follows that the exponent k in (4.6) is even, i.e., k = 2m (m ≥ 1).
Consider the two equations
where m ≥ 1. Without loss of generality, assume that α, β > 0. Then there is a δ 0 > 0 such that for any ε > 0 sufficiently small, (4.8) has only two solutions x Proof. Indeed, when ind(v 0 , 0) = −n/2 is a fraction, then n is odd. Hence the exponent k in (4.6) is odd, i.e., k = 2m + 1 (m ≥ 1). Therefore each of the two equations
has exactly one solution in (−δ 0 , δ 0 ).
Proof of Theorem 3.6.
As mentioned earlier, u and v have topologically equivalent streamlines in an interior neighborhood of x = 0; hence bifurcation in the local structure of u atx = 0 is equivalent to that of v. As a result, we only have to consider the local bifurcation for the vector field v. We divide the proof into two steps.
Step 1. The case where ind(v 0 , 0) = integer. By Theorem 3.5, the number of boundary saddle points of v 0 + εv 1 in a small neighborhood Γ 0 ⊂ Γ ⊂ ∂M ofx is not the same as that for v 0 − εv 1 . Therefore, v 0 + εv 1 and v 0 − εv 1 are not topologically equivalent locally nearx ∈ Γ ⊂ ∂M .
Step 2. The case where ind(v 0 , 0) = fraction. Without loss of generality, we assume that the two orbits connected tox = 0 on Γ 0 ⊂ ∂M are stable (i.e., α < 0 in (4.6)), and v 
Obviously,
Moreover, there are n orbits γ 
We know that, under topological equivalence, the orbits of v 0 + εv 1 connected to a singular boundary point are mapped, preserving orientation, to the orbits of v 0 − εv 1 connected to a singular boundary point. Since v 0 + εv 1 and v 0 − εv 1 are topologically equivalent locally atx ∈ Γ, the restriction of v 0 + εv 1 to U + 1 would have to be topologically equivalent to v 0 − εv
. This is in contradiction with (4.10). Thus, assertion (1) of Theorem 3.6 is proven.
Assertion (2) of Theorem 3.6 is a corollary of assertion (1). Indeed, ifx ∈ ∂M is a unique singular point of u 0 which has the same index as ind(v 0 , 0) on ∂M , then the structural bifurcation of u(x, t) locally at (x, t 0 ) implies the structural bifurcation in its global structure.
The proof of Theorem 3.6 is thus complete.
Structural bifurcations near a curved boundary.

Main theorems.
We now generalize in this section the main bifurcation theorems in section 3 for the flat boundary case to the curved boundary case.
Consider structural bifurcation near a ∂-singular pointx ∈ ∂M of u(x, t) on a general C r+1 boundary ∂M (r ≥ 2). Letx ∈ ∂M and (x 1 , x 2 ) be an orthogonal coordinate system with originx, which has its x 1 -axis tangent to ∂M atx, and its x 2 -axis oriented in the inward normal direction.
have the Taylor expansion at t 0 (0 < t 0 < T ) as in (3.2) . In particular, let
In addition, let n be the number of interior orbits of u 0 (x) connected tox. Then we can restate Assumption (H) as (H ) below, with condition (3.5) on the index there replaced by a geometrical condition n = 1, i.e., (5.2) below.
Assumption (H ). Letx ∈ ∂M be an isolated degenerate ∂-singular point of
We have then the following structural bifurcation theorems, as in section 3. 1. u(x, t) has a bifurcation in its local structure at (x, t 0 ); and 2. ifx ∈ ∂M is a unique degenerate ∂-singular point of u 0 (x) = u(x, t 0 ) on ∂M , then u(x, t) has a bifurcation in its global structure at t 0 .
Coordinate transformation.
The main ideas to prove Theorems 5.1 and 5.2 are as follows. First, we introduce a local coordinate transformation, which preserves the divergence-free character of the vector field and maps a neighborhood Γ ⊂ ∂M ofx to a flat boundary. This allows us to show that Assumption (H ) is equivalent to Assumption (H) for the new transformed vector field. Then Theorems 5.1 and 5.2 follow immediately from Theorems 3.5 and 3.6.
In the coordinate system (x 1 , x 2 ) introduced at the beginning of this section, the boundary ∂M can be expressed locally nearx = 0 ∈ ∂M by (5.5)
We make the local coordinate transformation (5.6)
Obviously, the transformation (5.6) takes a neighborhood U ⊂ M ofx to a domaiñ
2 |x 2 ≥ 0} and maps the boundary part U ∩ ∂M to a neighborhood of x = 0 on thex 1 -axis.
Let ϕ : U →Ũ be the transformation (5.6), and ϕ * : C r (T U) → C r (TŨ ) the isomorphism induced by ϕ. It is easy to see that
and, for any u ∈ C r (T U),
Then it is a direct calculation to derive the following lemma.
Moreover, as u| ∂M∩U = 0, thenũ(x 1 , 0) = 0, and
Proof of Theorems 5.1 and 5.2.
According to Theorems 3.5 and 3.6, the proof of these two theorems will be achieved in a few lemmas as follows.
Notice that ϕ mapsx = 0 tox = 0. Since u andũ are topologically equivalent locally near x = 0 andx = 0, (5.2) implies that the number n of interior orbits connected tox = 0 ofṽ(x, t 0 ) is different from 1. Hence
By (5.7),ũ 1 = u 1 , and ϕ * takes the inward normal vector n at x = 0 to the normal vectorñ = (0, 1) atx = 0. Therefore, we have
where
By tensor analysis, we know that, under a coordinate transformation ϕ : U →Ũ , the directional derivative of a function f (x) satisfies ∂f /∂r = ∂f /∂r, where r is a vector andr = (Dϕ)r.
By ( 
and the proof of the lemma is complete.
Proof. By Definition 2.5, it suffices to show that the two vector fields ∂u/∂n and ∂ũ/∂x 2 have the same singular points on the boundary in the sense of homeomorphism; here
and the vector field N is defined in U with the unit modulus |N | = 1 such that the orbits of N are the normal lines λn in U . Note that, when U is properly chosen, for any x, y ∈ U ∩ ∂M , x = y, the normal lines λn x and λn y do not intersect within U . Equivalently, we proceed to check the desired result for the two vector fields ∂ũ/∂ñ and ∂ũ/∂x 2 , where ∂ũ/∂ñ is the transformation of ∂u/∂n that is expressed by
From (5.8) we see that
By (5.9) and (5.10) we deduce that
From (5.5) and n 2 = 0 for x ∈ ∂M nearx, the result follows and the proof of the lemma is complete.
Proof. It suffices to prove that ∂ũ/∂ñ and ∂ũ/∂x 2 have the same nondegenerate singular points on the boundary Γ = ∂R From (5.8) we see that
for some δ > 0. By (5.11) and (5.12) one deduces that
Hence we only need to prove that
From (5.11) and (5.12) we immediately derive (5.14). Thanks to (5.8), for any integer k ≥ 0,
By assumption, (x 1 , 0) is a singular point of ∂ũ/∂x 2 , i.e., a ∂-saddle point ofũ:
From (5.15) and (5.16) it follows that
By (5.9),ñ 2 = n 2 − f (x 1 )n 1 = 0 for x = (x 1 , x 2 ) ∈ ∂M nearx = 0. Thus we derive (5.13), and the proof is complete.
6. Applications to boundary-layer separation.
Two examples.
In order to understand intuitively the connection between structural bifurcation and boundary-layer separation, we proceed by discussing two typical examples that illustrate how structural bifurcations occur in some fluid flows. For simplicity, we consider in this section only bifurcation near flat boundaries.
where Γ is a flat part of ∂M . We take a coordinate system (x 1 , x 2 ) withx at the origin and Γ = {x 1 , 0) |x 1 | < δ}. Thus u(x, t) can be expressed in a neighborhood U ⊂ M ofx by (6.1) u(x, t) = x 2 v(x, t), as in section 3. Let view of the rigorous results in sections 3 and 5. The connection to actual boundarylayer separation in an incompressible fluid governed by the Navier-Stokes equations is made in the companion papers [7, 12] . We start with Assumption (H) in the case where ind (v 0 , 0) = 0, i.e., there are no interior orbits of u 0 connected tox = 0. For convenience, we call it Assumption (H 0 ), and it reads as follows.
Assumption (H 0 ). Letx = 0 ∈ Γ be an isolated degenerate ∂-singular point of Remark 6.6. The reattachment of a streamline γ(t) to the boundary, as described in conclusion 2(b) above, differs from a particle's streakline (i.e., from its path in real time): as the vortex grows in time, particles are either trapped inside the vortex or pushed into the interior of the fluid, away from the vortex.
Proof of Theorem 6.3. By Theorem 3.5, without loss of generality, we assume that u(x, t 0 + ε) has two ∂-saddle points x − (ε) and x + (ε), and u(x, t 0 − ε) has none. Then both ∂-saddle points x − (ε) and x + (ε) of u(x, t 0 + ε) tend to x = 0 as ε → 0. By assumption, the singular pointx ∈ ∂M of v 0 (x) is isolated; therefore the stability lemma of extended orbits (Lemma 7.2) in the appendix ensures that both ∂-saddle points x − (ε) and x + (ε) must be connected by an extended orbit γ(ε) with γ(ε) →x as ε → 0; see Figure 6 .3. Because the sum of the indices of the singular points nearx ∈ ∂M of u(x, t 0 ± ε) is zero, there exist centers of v(x, t 0 + ε) near γ(ε), which converge tox ∈ ∂M as ε → 0. The other assertions are even easier to verify.
In the above theorem, there might be several centers that appear in the recirculation region. However, subject to an additional but generic assumption, the following theorem shows that there must be exactly one center that separates from the boundary nearx. We only have to prove that the interior singular point of v(x, t 0 + ε) nearx ∈ ∂M is unique. By the Taylor expansion, we have Hence, Theorem 6.3 shows that the separation from the boundary of a simple vortex is generic.
7.
Appendix. Extended orbits and their stability. The purpose of this appendix is to recall a lemma on stability of extended orbits [11] . We start with a definition. The following stability lemma for extended orbits has been proved by Ma and Wang [11] in Step 2 of their proof of Lemma 4.5. We restate it here as a separate lemma since it is quite useful in analyzing the orbits of families of vector fields, and thus in solving some problems in 2-D incompressible fluid flows.
Lemma 7.2 (stability of extended orbits [11] 
